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We study the vortex-lattice generation in a rotating spin-orbit (SO) coupled quasi-two-dimensional
(quasi-2D) hyper-fine spin-1 spinor Bose-Einstein condensate (BEC) in the x − y plane using a
numerical solution of the underlying mean-field Gross-Pitaevskii equation. The wave function for
this system has three components corresponding to the three projections of hyper-fine spin Fz =
+1, 0,−1. In this case, the non-rotating SO-coupled spinor BEC can have topological excitation in
the form of vortices of different angular momenta in the three components, e.g. the (0,+1,+2)-
and (−1, 0,+1)-type states in ferromagnetic and anti-ferromagnetic spinor BEC: the numbers in the
parenthesis denote the intrinsic angular momentum of the vortex states of the three components
with the negative sign denoting an anti-vortex. The presence of these states with intrinsic vorticity
breaks the symmetry between rotation with vorticity along the z and −z axes and thus generates
a rich variety of vortex-lattice and anti-vortex-lattice states in a rotating quasi-2D spin-1 spinor
ferromagnetic and anti-ferromagnetic BEC, not possible in a scalar BEC or a pseudo spin-1/2
spinor BEC. For weak SO coupling, we find two types of symmetries of these states − hexagonal
and “square”. The hexagonal (square) symmetry state has vortices arranged in closed concentric
orbits with a maximum of 6, 12, 18... (8, 12, 16...) vortices. Of these two symmetries, the square
vortex-lattice state is found to have the smaller energy. For stronger SO coupling, only the states
with square symmetry survive.
I. INTRODUCTION
After the observation of a trapped Bose-Einstein con-
densate (BEC) in 87Rb and 23Na alkali metal atoms
at ultra-low temperature in a laboratory [1], rotating
trapped condensates hosting quantized vortices [2] and
large vortex lattices [3] were created, for small and large
angular frequencies of rotation, respectively, under con-
trolled conditions and studied experimentally. As sug-
gested by Onsager [4], Feynman [5] and Abrikosov [6]
these vortices have quantized circulation as in liquid He
II [7]
m
2pi~
∮
C
v.dr = ±l, (1)
where v(r, t) is the super-fluid velocity field at a space
point r and time t, C is a generic closed path, l is the
quantized angular momentum of an atom in units of ~
in the rotating BEC and m is the mass of an atom. For
notational simplicity, the circulation (1) is scaled by a
factor of 2pi~/m, so that its absolute value is equal to
angular momentum l: a positive (negative) circulation
corresponds to a vortex (anti-vortex). If l 6= 0, there are
topological defects inside the closed path C, which mani-
fests in the form of a quantized vortex line [7]. Quantized
vortices of unit angular momentum were first observed in
a uniform super-fluid He II in a rotating bucket [8]. Vor-
ticity is the curl of the velocity field ∇r × v(r, t) and
determines the direction of the angular momentum vec-
tor. London gave a qualitative explanation of quantiza-
tion of circulation in He II [9]. In addition, if we assume
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that the dynamics of the super-fulid is governed by a
complex scalar field φ(r, t) ≡ |ψ(r, t)| exp[iδ(r, t)] with
v(r, t) = ∇rδ(r, t), then ψ(r, t) is known to satisfy the
mean-field Gross-Pitaevskii (GP) equation [7] which has
been used successfully to study the generation of vortex
and vortex lattice [10] in a BEC.
A spinor BEC of 23Na atoms [11] with hyper-fine spin
F = 1 has also been observed and, more recently, an
artificial synthetic spin-orbit (SO) coupling has been in-
troduced in a 87Rb spinor BEC [12] by a management of
external electromagnetic fields to control the atom-light
interaction. Different managements are possible, which
lead to different types of SO coupling between spin and
momentum [13], that introduce a rich dynamics in the
SO-coupled spinor BEC [14]. Two such SO couplings
are due to Rashba [15] and Dresselhaus [16]. The pi-
oneering experiment [12] employed an equal mixture of
Rashba and Dresselhaus SO couplings in a pseudo spin-
1/2 87Rb BEC, coupling only the |F = 1, Fz = 0 >
and |F = 1, Fz = −1 > hyper-fine spin states, which is
a simplification over the three-component spin-1 hyper-
fine spin state 5S1/2 of 87Rb. Possible ways of realiz-
ing the SO coupling in three-component hyper-fine spin-1
BEC have been discussed [17]. Later, a SO-coupled spin-
1 BEC has been realized in a laboratory by illuminating
87Rb BECs in the F = 1 ground state with a pair of
counter propagating and orthogonally polarized Raman
lasers that coherently coupled the three spin-component
states (Fz = +1, 0,−1) [17, 18]. This method is routinely
used in experiments nowadays to induce SO-coupling in
both bosonic [19] and fermionic [20] alkali atoms. In
this method, spontaneous emissions come into play in
the presence of even far off-resonant laser fields, which
give rise to heating or atom loss [21] and other ways of
preparing an SO-coupled BEC have been proposed [22].
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2Spinor BECs can show a rich variety of topological ex-
citation [23–26] not possible in a scalar BEC. In scalar
BECs, the single-valued nature of the wave function upon
rotation requires the emergence of vortices of integral an-
gular momentum l, viz. Eq. (1) [4–6]. This is no longer
true for a non-rotating spinor BEC with nonzero spin ex-
pectation per particle, as in a ferromagnetic spin-1 BEC
[23, 27, 28]. Consequently, one can have Skyrmions (core-
less vortices) [25, 29, 30] and half-quantum vortices [31]
among other possibilities [32, 33]. There is some similar-
ity between a super-fluid 3He and a spin-1 spinor BEC
as both have multi-component order parameters [34] be-
cause of similar spin degrees of freedom and hence both
might exhibit similar topological excitation in the form of
vortices. The predicted Mermin-Ho [33] and Anderson-
Toulouse [30] vortices in 3He with a non-singular angu-
lar momentum structure, although not observed in 3He,
might appear in a spinor BEC. It was later demonstrated
[25] that, in a trapped slowly rotating ferromagnetic
spinor BEC, the Mermin-Ho and Anderson-Toulouse vor-
tices are thermodynamically stable. Such stable vortices
appear in a ferromagnetic spinor BEC in the form of
a state of type (0,+1,+2), where the numbers in the
parenthesis denote the circulation (angular momentum)
of vortices in components Fz = +1, 0,−1, respectively.
For certain values of magnetization, (+1,+1,+1) and
(+1, 0,−1)-type states are also demonstrated to appear
[25] in a ferromagnetic spinor BEC. The (+1, 0,−1)-type
state hosts a vortex (anti-vortex of negative vorticity)
in the component Fz = +1 (Fz = −1). However, such
states in an anti-ferromagnetic BEC were not found to be
stable [25]. These vortices are often of core-less variety.
The analogue of these states in a pseudo spin-1/2 system
is the (0,+1)-type half-quantum state [35–37].
In bosonic spin systems SO-coupling leads to a vari-
ety of novel phenomena that are not present in spinor
BECs without SO coupling [38], for example [39], the
stripe phase [40], the Rashba pairing bound states (Rash-
bons) [41], spin Hall effect [42], spintronics [43] and
topological super-fluidity in fermionic gases [27], as well
as the super-fluidity and Mott-insulator phases of SO-
coupled quantum gases in optical lattice [44]. A three-
component SO-coupled spin-1 BEC is known to exhibit a
rich variety of physical phenomena not possible in a two-
component pseudo spin-1/2 BEC [23, 40, 45]. A spin-1
spinor BEC is controlled by two interaction strengths,
e.g., c0 ∝ (a0 + 2a2)/3 and c2 ∝ (a2 − a0)/3, with a0
and a2 the scattering lengths in total spin 0 and 2 chan-
nels, respectively, and can be classified into two general
types with distinct properties: ferromagnetic (c2 < 0)
and anti-ferromagnetic or polar (c2 > 0).
In view of this, we investigate in this paper the forma-
tion of vortex lattice in a rapidly rotating Rashba SO-
coupled ferromagnetic and anti-ferromagnetic trapped
spin-1 spinor BEC to see the effect of the above topo-
logical excitation in the generated vortex lattice, if
any. Previously, the formation of vortex and vortex
lattice in a Rashba SO-coupled trapped pseudo spin-
1/2 spinor BEC was studied numerically [35, 36] and
analytically [37]. Different ways of realizing a rotat-
ing SO-coupled spinor BEC have been suggested [46].
We find that for a weakly Rashba SO-coupled quasi-
two-dimensional (quasi-2D) non-rotating ferromagnetic
spin-1 spinor BEC, the ground state is a circularly sym-
metric (0,+1,+2)-type state. For a weakly Rashba SO-
coupled quasi-2D non-rotating anti-ferromagnetic spinor
BEC, the circularly-symmetric ground state is of the type
(−1, 0,+1), where −1 (+1) denotes an anti-vortex (a vor-
tex) in component Fz = +1 (−1), whereas the compo-
nent Fz = 0 remains vortex free. All these vortices are
normal vortices with a vortex core and not the predicted
core-less vortices of 3He [30, 33]. Core-less and singular
vortices of the Mermin-Ho [33] and Anderson-Toulouse
[30] type in rotating spinor BEC were also studied [47].
Here we will not consider large values of strength γ of SO
coupling (γ ' 3), for which the ground states of the non-
rotating system are not circularly symmetric and are of
the stripe type [40, 48]. In a rotating quasi-2D scalar
BEC in the x − y plane, the generated vortex-lattice
structure is the same for vorticity of rotation along z
or −z axis. However, the generated vortex lattice for
vorticity of rotation along z or −z axis will be differ-
ent for an SO-coupled spin-1 spinor BEC because of the
above symmetry-breaking (0,+1,+2) and (−1, 0,+1)-
type states in the non-rotating systems. When subject
to rotation, both ferromagnetic and anti-ferromagnetic
spinor BECs with small γ (γ / 0.75) form vortex lat-
tices with a hexagonal or an approximate “square” sym-
metry in the ground state. In the case of ferromagnetic
SO-coupled spin-1 spinor BECs, for rotation with vor-
ticity along z direction, the hexagonal or square vortex-
lattice structure is built around the (0,+1,+2)-type state
at the center: the central site of the three components
Fz = +1, 0,−1, respectively, host vortices of circula-
tion 0,+1,+2. For larger values of γ (γ ' 0.75), the
vortex-lattice states with hexagonal symmetry cease to
exist and only those with square symmetry are possi-
ble. For rotation with vorticity along −z direction, an
anti-vortex lattice is generated in both ferromagnetic and
anti-ferromagnetic spinor BEC around a complex anti-
vortex structure at the center. There were previous stud-
ies of rotating SO-coupled pseudo spin-1/2 BECs [35–37].
In Sec. II we present the mean-field GP equation for
a rotating quasi-2D SO-coupled spin-1 spinor condensate
in the rotating frame. In Sec. III we present numerical
results obtained from a solution of this GP equation for
weak SO coupling using the split-time-step method em-
ploying the Crank-Nicolson discretization scheme. For
rotation with angular momentum along z and −z direc-
tions, the generated vortex- and anti-vortex-lattice struc-
tures with hexagonal and square symmetries were studied
for ferromagnetic and anti-ferromagnetic spinor BECs.
From a study of energies it was found that the lattice
structure with square symmetry has the smaller energy
and survives for larger strengths of SO coupling. Finally,
in Sec. IV we present a summary of our study.
3II. THE GROSS-PITAEVSKII EQUATION FOR
A ROTATING SPIN-1 CONDENSATE
We will consider a Rashba SO-coupled BEC with cou-
pling between the spin and momentum. In neutral atom
such coupling does not naturally exist. However, such a
coupling can be created artificially by external electro-
magnetic fields. For example [12], a static electric field
E = E0zˆ in the laboratory frame creates a magnetic field
BSO = (E0/m˜c
2)zˆ×p in the frame of an atom of mass m˜
moving with momentum p, where c is the speed of light
in vacuum. The resulting momentum dependent Zeeman
interaction −µ · BSO ∝ (Σxpy − Σypx) is known as the
Rashba SO coupling, where µ is the magnetic moment
operator, Σx and Σy are the irreducible representations
of the x and y components of the spin matrix, respec-
tively,
Σx =
1√
2
0 1 01 0 1
0 1 0
 , Σy = i√
2
0 −1 01 0 −1
0 1 0
 . (2)
An SO-coupling is usually created in a BEC by Raman
lasers, which create a momentum-sensitive coupling be-
tween two internal atomic states [12]. Different ways of
creating SO coupling in spin-1 [18] and pseudo spin-1/2
[12] atoms have been discussed in the literature [14, 39].
Most of the previous considerations of SO coupling
were limited to quasi-one-dimensional systems. The
quasi-2D SO-coupling of the Rashba type has a non-
trivial dispersion [39] leading to the formation of an un-
usual BEC [46, 49]. Recently, several procedures to cre-
ate quasi-2D and quasi-three-dimensional SO coupling
has been suggested [50]. The procedure proposed by
Campbell et al. [51] to generate the Rashba-type SO
coupling by cyclically coupling several atomic internal
states via Raman transitions has its limitations [39]. A
variant of such a scheme has been very recently experi-
mentally implemented [52] for fermionic atoms using a far
de-tuned tripod setup [53]. An extensive account of these
approaches to generate SO coupling in quasi-2D setting
has appeared recently in Ref. [39] and the method pro-
posed and implemented there seems to be attractive for
generating Rashba SO coupling in quasi-2D systems and
can be employed in the present context.
For the study of vortex-lattice formation in a rotating
SO-coupled quasi-2D spin-1 spinor BEC, we consider a
harmonic trap V (r) = m˜ω2(x2 + y2)/2 + m˜ω2zz2/2 with
tighter binding in the z direction (ωz  ω), where ωz is
the angular frequency of the trap in the z direction and
ω that in the x − y plane. The single-particle Hamilto-
nian of the condensate without atomic interaction and
with Rashba [15] SO coupling in this quasi-2D trap, in
dimensionless variables, is [12, 54]
H0 = −1
2
∇2r +
x2 + y2
2
+
ω2zz
2
2ω2
+ γ(Σxpy − Σypx), (3)
where r = {x, y, z}, ∇2r = −(p2x + p2y + p2z), px =
−i∂x, py = −i∂y and pz = −i∂z are the momentum
operators along x, y and z axes, respectively, ∂x, ∂y, ∂z
are partial space derivatives. and γ is the strength of
SO coupling. All quantities in Eq. (3) and in the fol-
lowing are dimensionless; this is achieved by express-
ing length (x, y, z) in units of harmonic oscillator length
l0 ≡
√
~/m˜ω, and energy in units of ~ω.
The formation of a vortex lattice in a rapidly rotating
spinor BEC can be conveniently studied in the rotat-
ing frame, where the generated vortex-lattice state is a
stationary one, that can be obtained by the imaginary-
time propagation method [7]. Such a dynamical equa-
tion in the rotating frame can be written if we note
that the Hamiltonian in the rotating frame is given by
H = H0 − Ω0Lz [55], where H0 is the laboratory frame
Hamiltonian, Ω0 is the angular frequency of rotation
around the z axis, and Lz = i~(y∂/∂x − x∂/∂y) is the
z component of the angular momentum. In a trapped
condensate, for rotation around z axis, ordered vortex-
lattice formation is possible for Ω0 < ω [7]. As Ω0 is in-
creased above ω, the whole super-fluid moves away from
the center towards the boundary because of an excess of
centrifugal force, and the super-fluidity of the conden-
sate breaks down [7]. This was verified in our numerical
calculation.
For tight harmonic binding along z direction, assuming
a Gaussian density distribution in the z direction, after
integrating out the z coordinate following the procedure
of Ref. [56], in the mean-field approximation, a quasi-
2D rotating SO-coupled spin-1 spinor BEC is described
by the following set of three coupled GP equations for
N atoms in dimensionless form for the hyper-fine spin
components Fz = ±1, 0 [23, 57, 58]
i∂tψ±1(ρ) = [H+ c2 (n±1 − n∓1 + n0)− ΩLz]ψ±1(ρ)
+
{
c2ψ
2
0(ρ)ψ
∗
∓1(ρ)
}− iγ˜(∂yψ0(ρ)± i∂xψ0(ρ)) , (4)
i∂tψ0(ρ) = [H+ c2 (n+1 + n−1)− ΩLz]ψ0(ρ)
+ {c2ψ+1(ρ)ψ−1(ρ)ψ∗0(ρ)} − iγ˜[−i∂x{ψ+1(ρ)
−ψ−1(ρ)}+ ∂y{ψ+1(ρ) + ψ−1(ρ)}] , (5)
H =− 1
2
∇2ρ + V (ρ) + c0n, (6)
c0 =
N
√
2piκ(a0 + a2)
3
, c2 =
N
√
2piκ(a2 − a0)
3
, (7)
where ρ ≡ {x, y}, ∇2ρ ≡ (∂2x + ∂2y), κ = ωz/ω ( 1), Ω =
Ω0/ω (< 1), γ˜ = γ/
√
2, component density nj = |ψj |2,
j = ±1, 0, are the densities, in units of l−20 , of hyper-
fine spin components Fz = ±1, 0 and n(ρ) =
∑
j nj(ρ)
is the total density, V (ρ) ≡ (x2 + y2)/2 is the circularly
symmetric confining trap in the x − y plane, ∂t is the
partial time derivative with time in units of ω−1, a0 and
a2 are the s-wave scattering lengths, in units of l0, in
the total spin 0 and 2 channels, respectively, and asterisk
denotes complex conjugate. The maximum allowed value
of angular frequency in Eqs. (4)-(5) for the generation
of an ordered super-fluid vortex lattice is |Ω| = 1 [7].
For notational compactness, the time dependence of the
wave functions is not explicitly shown in Eqs. (4) and (5).
4The normalization and magnetization (m) conditions are
given by∫
n(ρ) dρ = 1 ,
∫ [
n+1(ρ)− n−1(ρ)
]
dρ = m. (8)
Equations (4)-(5) can be derived from the energy func-
tional [7, 23]
E[ψ(Ω)] =
1
2
∫
dρ
{∑
j
|∇ρψj |2 + 2V ρ+ c0ρ2
+ c2
[
ρ2+1 + ρ
2
−1 + 2(ρ+1ρ0 + ρ−1ρ0 − ρ+1ρ−1
+ ψ∗−1ψ
2
0ψ
∗
+1 + ψ−1ψ
∗2
0 ψ+1)
]− iγ˜[ψ∗0∂y(ψ+1
+ ψ−1) + (ψ∗+1 + ψ
∗
−1)∂yψ0 − iψ∗0∂x(ψ+1 − ψ−1)
+ i(ψ∗+1 − ψ∗−1)∂xψ0
]}
, (9)
where the space dependence of different variables is not
explicitly shown. The Ω dependence of the wave function
is shown to recall that the energy functional is a function
of the angular frequency of rotation.
III. NUMERICAL RESULTS
A. Details of the numerical procedure
To solve Eqs. (4) and (5) numerically, we propagate
these equations in time by the split-time-step Crank-
Nicolson discretization scheme [59–61] using a space step
of 0.1 and a time step ∆ of 0.001 to obtain the stationary
state by imaginary-time simulation. There are different
C and FORTRAN programs for solving the GP equation
[59, 60] and one should use the appropriate one. These
programs have recently been adapted to simulate the vor-
tex lattice in a rapidly rotating BEC [10] and we use these
in this study.
The imaginary-time propagation is started from an
appropriate initial state consistent with the symmetry
of the final state. For a final localized state with-
out vorticity, a Gaussian initial state in each compo-
nent is adequate: ψj(ρ) ∼ exp(−ρ2/α2j ), where αj is
the width. However, for a (0,+1,+2)-type state with
vorticity, we will take the initial functions ψ+1(ρ) ∼
exp(−ρ2/α2j ), ψ0(ρ) ∼ (x+ iy) exp(−ρ2/α2j ), ψ−1(ρ) ∼
(x + iy)2 exp(−ρ2/α2j ), Similarly, for a (−1, 0,+1)-type
state, we take the initial functions ψ+1(ρ) ∼ (x −
iy) exp(−ρ2/α2j ), ψ0(ρ) ∼ exp(−ρ2/α2j ), ψ−1(ρ) ∼
(x + iy) exp(−ρ2/α2j ). With these initial states, with
proper vorticity, the convergence of the imaginary-time
propagation is quick.
All terms in Eqs. (4) and (5), except the terms in the
curly brackets containing explicit complex conjugation,
have the form of conventional diagonal GP equations for
a three-component BEC, whose solution procedure em-
ploying the split-step methods is well known [62]. These
non-diagonal terms in Eqs. (4) and (5), require special at-
tention. In explicit matrix notation, the split-step equa-
tion, that takes into account these terms of Eqs. (4) and
(5), can be written as [62, 63]
i∂t
ψ+1(ρ, t)ψ0(ρ, t)
ψ−1(ρ, t)
 = A
ψ+1(ρ, t)ψ0(ρ, t)
ψ−1(ρ, t)
 , A =
 0 a 0a∗ 0 b
0 b∗ 0
 ,
(10)
where a = c2ψ∗−ψ0, b = c2ψ∗0ψ+. The real eigen-
values of the Hermitian matrix A are λ1 = C =√|a|2 + |b|2, λ2 = 0, and λ3 = −C, while the cor-
responding eigenvectors are v1 = (v11, v12, v13)T =
(a, C, b∗)T , v2 = (v21, v22, v23)T = (b, 0, −a∗)T , and
v3 = (v31, v32, v33)
T = (a, −C, b∗)T , respectively. For a
sufficiently small time step ∆, the solution of Eq. (10) is
given by [63]ψ+1(ρ, t+ ∆)ψ0(ρ, t+ ∆)
ψ−1(ρ, t+ ∆)
 = VBV−1
ψ+1(ρ, t)ψ0(ρ, t)
ψ−1(ρ, t)
 , (11)
B ≡
e−i∆λ1 0 00 e−i∆λ2 0
0 0 e−i∆λ3
 (12)
where
V ≡
v11 v21 v31v12 v22 v32
v13 v23 v33
 =
 a b aC 0 −C
b∗ −a∗ b∗

V−1 =
1
2C2
 a∗ C b2b∗ 0 −2a
a∗ −C b
 . (13)
In Eq. (11), the right-hand-side is considered known,
since it is expressed in terms of the wave function values
at time t, and thus the wave function is easily propagated
to time t+ ∆. When we consider the SO coupling terms
proportional to γ˜, they can be also evaluated at time
t using the known wave function values, and the corre-
sponding split-step equations can be solved to propagate
the wave functions to time t+ ∆.
Usually, experiments can be performed for a fixed mag-
netization m, although m is not an input parameter in
Eqs. (4) and (5). The ground state is obtained from
the solution of Eqs. (4)-(5) by imaginary-time propaga-
tion, which neither conserves normalization nor magne-
tization. The simultaneous maintenance of the normal-
ization and magnetization m, given by Eqs. (8), during
the time propagation, is done following the procedure of
Ref. [64], by re-scaling the wave function components af-
ter each time step ∆ according to ψj → djψj , where
d0 =
√
1−m2√
N0 +
√
4(1−m2)N+1N−1 +m2N20
, (14)
d1 =
√
1 +m− d20N0√
2N+1
, d−1 =
√
1−m− d20N0√
2N−1
, (15)
5and Nj =
∫
dρnj(ρ, t).
The parameters of the GP equation c0 and c2 are
taken from the following realistic experimental situations.
For the quasi-2D ferromagnetic BEC we use the fol-
lowing parameters of 87Rb atoms: N = 100, 000, a0 =
101.8aB , a2 = 100.4aB , [65] lz ≡ l0/
√
κ = 2.0157
µm, where aB is the Bohr radius. Consequently, c0 ≡
2N
√
2pi(a0 + 2a2)/3lz ≈ 1327.5 and c2 ≡ 2N
√
2pi(a2 −
a0)/3lz ≈ −6.15. For the quasi-2D anti-ferromagnetic
BEC we use the following parameters of 23Na atoms:
N = 100, 000, a0 = 50.00aB , a2 = 55.01aB , [64] lz =
2.9369 µm. Consequently, c0 ≈ 482 and c2 ≈ 15.
B. Classification of states and symmetries
We will consider only the Rashba SO-coupled ferro-
magnetic and anti-ferromagnetic spinor BECs in this pa-
per. Our preliminary study shows that the Dresselhaus
SO-coupling also leads to similar results. We consider
only small strengths of SO coupling (γ / 2) while a
quasi-2D non-rotating spinor BEC leads to a circularly
symmetric solution. For large values of γ (γ ' 3),
the same solution develops a stripe pattern in density
[40], thus breaking the circular symmetry. For a weakly
Rashba SO-coupled non-rotating spinor BEC, the com-
ponent states of the lowest-energy ground state are ei-
ther of the (0,+1,+2) type or of the (−1, 0,+1) type
[24, 25]. For a Rashba SO-coupled non-rotating spin-1
ferromagnetic spinor BEC, the (0,+1,+2)-type state is
found to be the ground state and the (−1, 0,+1)-type
state is an excited state. The opposite happens for an
anti-ferromagnetic spinor BEC.
The formation of vortex lattice in a scalar BEC, with-
out intrinsic vorticity in the absence of rotation, is differ-
ent from that in an SO-coupled spin-1 spinor BEC with
states of type (0,+1,+2) or (−1, 0,+1) with intrinsic vor-
ticity [25]. For a weakly SO-coupled (γ / 0.75) spin-1
ferromagnetic spinor BEC of type (0,+1,+2), rotating
with the angular momentum vector parallel to the vor-
ticity direction, a vortex lattice with hexagonal symme-
try can be generated maintaining the states of circulation
+1 and +2 at the center in components j = 0 and −1,
respectively, while the center of the j = +1 component
is maintained vortex free. However, in this case, for ro-
tation with the angular momentum vector anti-parallel
to the vorticity direction, for small angular frequency
of rotation, the state of type (0,+1,+2) becomes one
of type (−2,−1, 0). The (−2,−1, 0)-type state results
upon a superposition of the (0,+1,+2)-type state with
a (−2,−2,−2)-type state: the latter is generated by ro-
tation. With the increase of angular frequency of ro-
tation, an anti-vortex lattice with hexagonal symmetry
can be generated maintaining these central anti-vortices
of circulation −2 and −1 in components j = +1, and
0, respectively. The anti-vortex lattice is really a vortex
lattice with opposite vorticity.
For a weakly SO-coupled (γ / 0.75) spin-1 anti-
ferromagnetic spinor BEC of type (−1, 0,+1), rotating
with the angular momentum vector parallel to the vor-
ticity z direction, for small angular frequency of ro-
tation, the state (−1, 0,+1) transforms into the state
(0,+1,+2). The (0,+1,+2)-type state results upon
a superposition of the (−1, 0,+1)-type state with a
(+2,+2,+2)-type state: the latter is generated by ro-
tation. In this case, upon the increase of angular fre-
quency of rotation, a vortex lattice with hexagonal sym-
metry can be generated maintaining the central vortices
of circulation +1 and +2 in components j = 0 and −1,
respectively. However, for a spin-1 SO-coupled spinor
BEC of type (−1, 0,+1), rotating with the angular mo-
mentum vector anti-parallel to the vorticity direction, for
small angular frequency of rotation, the state (−1, 0,+1)
transforms into the state (−2,−1, 0). With the increase
of angular frequency of rotation, an anti-vortex lattice
with hexagonal symmetry can again be generated main-
taining these central anti-vortices of circulation −2 and
−1 in the respective components.
In the case of a rotating SO-coupled spin-1 spinor con-
densate, we find that there are many different vortex-
lattice states with different symmetry properties lying
close to each other. Hence it is often difficult to find the
vortex-lattice state with minimum energy by imaginary-
time propagation and it is possible that, in some cases,
the imaginary-time approach converges to a nearby ex-
cited vortex-lattice state, instead of the lowest-energy
ground state for certain initial states. To circumvent this
problem, we repeated the calculation with different initial
states, so as to be sure that the converged vortex-lattice
state is indeed the lowest-energy ground state. The use
of an analytic initial function modulated by a random
phase at different space points also increases the possi-
bility of the convergence to the minimum-energy state
[10]. Unlike in a rotating scalar BEC, where the vor-
tex lattice in the ground state always has a hexagonal
symmetry, in the case of a rotating SO-coupled spin-1
spinor BEC, we find that the imaginary-time propaga-
tion can also converge to vortex- and anti-vortex-lattice
states with an approximate square symmetry, in addi-
tion to those with the usual hexagonal symmetry. For
hexagonal symmetry, vortices are arranged in concentric
orbits containing a maximum of 6, 12, 18 ... vortices;
for square symmetry these numbers are 8, 12, 16 ... .
Often, for the same angular frequency of rotation, it is
possible to obtain both types of vortex-lattice states with
all orbits containing the maximum number of vortices.
When this happens, the vortex- and anti-vortex-lattice
states for both ferromagnetic and anti-ferromagnetic SO-
coupled spin-1 BECs with square symmetry are found to
have the smaller energy. However, for larger values of γ
(γ ' 0.75), only the lattice states with square symmetry
are possible and those with hexagonal symmetry cease
to exist. The general scenario of vortex-lattice states
remain unchanged for different numerical values of the
non-linearity parameters c0 and c2.
6FIG. 1: (Color online) Contour plot of component densities
nj(ρ) ≡ |ψj(ρ)|2 of vortex-lattice states with hexagonal sym-
metry of a rotating Rashba SO-coupled ferromagnetic spin-1
quasi-2D spinor BEC with hexagonal symmetry for angular
frequencies Ω = 0, 0.4, 0.65, and 0.83 in plots (a)-(c), (d)-
(f), (g)-(i), and (j)-(l), respectively. The angular momen-
tum of rotation is parallel to the vorticity direction of the
non-rotating state in (a)-(c). The non-linearity parameters
c0 = 1327.5, c2 = −6.15, magnetization m = 0.3 and SO-
coupling strength γ = 0.5. All results reported in this paper
are in dimensionless units, as outlined in Section II.
C. Ferromagnetic condensate
We now exhibit the generation of vortex-lattice states
with hexagonal symmetry in a rotating Rashba SO-
coupled quasi-2D ferromagnetic spinor BEC with SO-
coupling strength γ = 0.5, magnetization m = 0.3, and
non-linearities c0 = 1327.5 and c2 = −6.15 for differ-
ent angular frequency Ω through a plot of contour den-
sity nj(ρ) = |ψj(ρ)|2 of different components in Fig. 1.
In Figs. 1(a)-(c) we plot the densities of components
j = +1, 0,−1 of the non-rotating ground state of type
(0,+1,+2). We checked the vorticity and circulation of
the components analyzing the phase plot of the wave
function displayed in Figs. 2(a)-(c). The phase drop
upon a clockwise rotation of 2pi in Fig. 2(b) (c) is 2pi
FIG. 2: (Color online) (a)-(c) Contour plot of the phase δ(ρ)
of the wave function of the non-rotating Rashba SO-coupled
ferromagnetic spin-1 quasi-2D spinor BEC of Figs. 1(a)-(c).
(d)-(f) The same of the rotating ferromagnetic spinor BEC,
with angular frequency Ω = −0.05, of Figs. 4(a)-(c). (g)-(i)
The same of the rotating ferromagnetic spinor BEC, with an-
gular frequency Ω = −0.39, of Figs. 5(a)-(c). (j)-(l)The same
of the rotating anti-ferromagnetic spinor BEC, with angular
frequency Ω = 0.57, of Figs. 6(d)-(f).
(4pi) indicating circulation +1 (+2). The j = −1 compo-
nent with circulation +2 has a larger vortex core than the
j = 0 component with circulation +1. In Figs. 1(d)-(l)
we display the vortex lattice with hexagonal symmetry
for increasing angular frequencies Ω = 0.4, 0.65, and 0.83.
The direction of generated angular momentum upon ro-
tation is parallel to the intrinsic vorticity of the non-
rotating state. For all angular frequencies, a clean vortex
lattice is generated as in the case of a scalar BEC. The
only difference from a scalar BEC is that the central spot
is vortex free for component j = +1 and hosts a vortex of
circulation +2 in component j = −1. In the component
j = 0, the central spot has a vortex of circulation +1
as in a scalar BEC. A vortex of circulation +2 (greater
than unity) in a scalar BEC should break into two of unit
circulation from an energetic consideration [7]. However,
in this SO-coupled spin-1 spinor BEC, the vortex of cir-
culation +2 at the center of component j = −1 is found
to be energetically stable.
For the same sets of parameters as in Fig. 1, the
vortex-lattice states with an approximate square sym-
metry are shown in Figs. 3(a)-(i) for angular frequencies
7FIG. 3: (Color online) The same as in Fig. 1 with approxi-
mate square symmetry for angular frequencies Ω = 0.4, 0.65,
and 0.83 in (a)-(c), (d)-(f), and (g)-(i), respectively. The pa-
rameters of the ferromagnetic BEC are the same as in Fig.
1.
Ω = 0.4, 0.65, and 0.83, where vortices are arranged
in approximate concentric square orbits with 8, 12, and
16 vortices. The central spot in components j = 0 and
−1 has a vortex of circulation +1 and +2, respectively,
whereas the same in component j = +1 is vortex free.
In Table I we plot the respective energies of the vortex-
lattice states of Figs. 1 and 3 and find that the states of
TABLE I: (Color online) Energy of the different vortex-lattice
and anti-vortex-lattice states of hexagonal and approximate
square symmetry for a ferromagnetic and anti-ferromagnetic
(polar) BEC and the corresponding minimum energy state.
In all cases the lattice has all concentric orbits with the max-
imum number of vortices.
Ω E E minimum
(hexagonal) (square) energy state
+0.4 12.341 12.278 square
+0.65 9.966 9.924 square
ferro +0.83 6.841 6.819 square
−0.39 12.336 12.295 square
−0.62 10.245 10.234 square
−0.82 6.987 6.981 square
+0.57 6.739 6.675 square
+0.79 4.706 4.679 square
polar −0.55 6.775 6.745 square
−0.79 4.647 4.626 square
FIG. 4: (Color online) The same as in Fig. 1 for angular fre-
quencies Ω = −0.05,−0.39,−0.62, and −0.82 in plots (a)-(c),
(d)-(f), (g)-(i), and (j)-(l), respectively. The angular momen-
tum of rotation is anti-parallel to the vorticity direction of the
non-rotating state in Figs. 1(a)-(c). The parameters of the
ferromagnetic BEC are the same as in Fig. 1.
Fig. 3 have smaller energies as compared to the respec-
tive states in Fig. 1.
Next we consider the generation of vortex lattice in a
quasi-2D Rashba SO-coupled ferromagnetic spin-1 spinor
BEC upon rotation with angular momentum opposite to
the intrinsic vorticity of the non-rotating BEC, denoted
be negative values of angular frequency Ω in Eqs. (4) and
(5). The resultant contour plots of generated vortex lat-
tices with hexagonal symmetry for angular frequencies
Ω = −0.05,−0.39,−0.62 and −0.82 are shown in Figs.
4(a)-(c), (d)-(f), (g)-(i), (j)-(l), respectively. In all plots
of Fig. 4 the circulation of rotation has opposite sign
compared to the same in Figs. 1 and 3. Hence these
vortices are anti-vortices. Upon rotation of the state
of type (0,+1,+2) of Figs. 1(a)-(c) with angular fre-
quency Ω = −0.05, with opposite vorticity, a state of
type (−2,−1, 0) is generated as shown in Figs. 4(a)-(c).
The opposite vorticity of the vortices in Figs. 4(a)-(c),
as compared to those in Figs. 1(a)-(c), was confirmed
from a plot of the corresponding phase in Figs. 2(d)-
8FIG. 5: (Color online) The same as in Fig. 4 with ap-
proximate square symmetry for angular frequencies Ω =
−0.39,−0.62, and −0.82 in (a)-(c), (d)-(f), and (g)-(i), respec-
tively. The angular momentum of rotation is anti-parallel to
the vorticity direction of the non-rotating state in Figs. 1(a)-
(c). The parameters of the ferromagnetic BEC are the same
as in Fig. 4.
(f). The phase drop upon a clockwise rotation of 2pi in
Figs. 2(d)-(e) is −4pi (−2pi) indicating an anti-vortex of
circulation −2 (−1), viz. compare with vortices in Figs.
2(b)-(c). As angular frequency |Ω| is increased, an anti-
vortex lattice with hexagonal symmetry is generated in
the three components maintaining these anti-vortices at
the center, viz. Figs. 4(d)-(f), 4(g)-(i), and 4(j)-(l), for
Ω = −0.39,−0.62, and −0.82, respectively. However, the
anti-vortex of circulation −2 at the center disintegrates
into two anti-vortices of circulation −1 each, as the an-
gular frequency of rotation is increased, viz. Figs. 4(g)
and (j). Such disintegration does not take place for the
vortex of circulation +2 in component j = −1 of Fig.
1(c) as the angular frequency Ω is increased, viz. Figs.
1(f), (i), and (l).
Apart from the anti-vortex lattice with hexagonal sym-
metry of Fig. 4, one can also have the same with approx-
imate square symmetry for the same angular frequencies
Ω = −0.39,−0.62 and −0.82 as shown in Figs. 5(a)-(c),
(d)-(f) and (g)-(i), respectively. The central part in Fig.
5 has 4 anti-vortices of unit circulation in component
j = +1, an anti-vortex of circulation −3 in component
j = 0 and an anti-vortex of circulation −2 in component
j = −1. The net circulation of the anti-vortex at the
center of components j = 0 and −1 was obtained from
a consideration of the respective phase plots displayed
in Figs. 2(g)-(i). The phase drops upon a clockwise
FIG. 6: (Color online) Contour plot of component densities
nj(ρ) ≡ |ψj(ρ)|2 of vortex-lattice states of a rotating Rashba
SO-coupled anti-ferromagnetic spin-1 quasi-2D spinor BEC
with hexagonal symmetry for angular frequencies Ω = 0, 0.57,
and 0.79, in plots (a)-(c), (d)-(f), (g)-(i), and (j)-(l), respec-
tively. The angular momentum of rotation is parallel to the
vorticity direction of the vortex in component j = −1 in (c).
The non-linearity parameters c0 = 482, c2 = 15, magnetiza-
tion m = 0.3 and SO-coupling strength γ = 0.5.
rotation of 2pi in Figs. 2(h) and (i) are −6pi and −4pi
indicating circulations −3 and −2 in components j = 0
and j = −1. The other anti-vortices of unit circulation
in Figs. 5(a)-(c) can be identified in the phase plots in
Figs. 2(g)-(i). This central part is a superposition of the
non-rotating state (0,+1,+2) and the state (−4,−4,−4)
generated by rotation. The energies of the anti-vortex-
lattice states with hexagonal and square symmetry of
Figs. 4 and 5 are shown in Table I. For angular frequen-
cies Ω = −0.39,−0.62 and −0.82.
D. Anti-ferromagnetic condensate
The vortex-lattice formation with hexagonal symme-
try in an anti-ferromagnetic rotating Rashba SO-coupled
quasi-2D spin-1 spinor BEC with SO-coupling strength
γ = 0.5, magnetization m = 0.3, and non-linearities
c0 = 482 and c2 = 15 is demonstrated in Fig. 6. The non-
rotating state (Ω = 0), in this case, is of the (−1, 0,+1)
type as shown in Figs. 6(a)-(c) through a contour plot of
densities. The vortex and anti-vortex nature of the two
states is confirmed from the corresponding phase plot of
the wave function (not shown here). Upon rotation, the
(−1, 0,+1)-type state, with the appearance of a vortex
9FIG. 7: (Color online) The same as in Fig. 6 with approx-
imate square symmetry with angular frequencies Ω = 0.57
and 0.79 in (a)-(c) and (d)-(f), respectively. The parameters
of the anti-ferromagnetic BEC are the same as in Fig. 6.
of circulation +1 in all components, transforms into a
state of the (0,+1,+2) type. These vortices of circula-
tion +1 and +2 at the center of components j = 0 and
−1 are maintained in the vortex lattice with hexagonal
symmetry of a rapidly rotating anti-ferromagnetic quasi-
2D spin-1 spinor BEC as in the case of a rapidly rotating
ferromagnetic spin-1 spinor BEC considered in Fig. 1.
We display the formation of vortex lattice with hexago-
nal symmetry in the anti-ferromagnetic spinor BEC for
angular frequencies Ω = 0.57, and 0.79 in Figs. 6(d)-(f),
(g)-(i), respectively. We checked the vorticity and cir-
culation of the components analyzing the phase plot of
the wave function displayed in Figs. 6(d)-(f). The phase
drop upon a clockwise rotation of 2pi in Fig. 2(k) (l) is 2pi
(4pi) indicating circulation +1(+2). The j = −1 compo-
nent with circulation +2 has a larger vortex core than
the j = 0 component with circulation +1. The hexag-
onal vortex lattices in Fig. 6 for an anti-ferromagnetic
quasi-2D spin-1 spinor BEC are quite similar to the vor-
tex lattices in Fig. 1 for a ferromagnetic spinor BEC.
Next we consider the formation of vortex lattice with
approximate square symmetry in a Rashba SO-coupled
anti-ferromagnetic quasi-2D spinor BEC upon rotation.
The resultant vortex lattices, in this case, for angular fre-
quencies Ω = 0.57 and 0.79 are displayed in Figs. 7(a)-
(c) and (d)-(f), respectively. The central region of the
vortex lattice, in this case, is different from that in Fig.
6. The central region is formed by a superposition of
the (−1, 0,+1)-type state of the non-rotating BEC, viz.
Figs. 6(a)-(c), with a (+4,+4,+4)-type state formed by
rotation, thus resulting in a state with vortex of circula-
tion +3 (+4, +5) in component j = +1 (j = 0, j = −1).
The vortex of circulation +4 (+5) in component j = 0
(j = −1) breaks into +4 (+5) vortices of unit circulation,
whereas the j = +1 component contains a complex vor-
tex structure of circulation +3. In the outer region we
have vortices arranged in concentric square orbits with 8
FIG. 8: (Color online) The same as in Fig. 6 for angular
frequencies Ω = −0.55,−0.79, and −0.93 in (a)-(c), (d)-(f),
and (g)-(i), respectively. The angular momentum of rota-
tion is anti-parallel to the vorticity direction of the vortex in
component j = −1 in Fig. 6 (c). The parameters of the
anti-ferromagnetic BEC are the same as in Fig. 6.
and 12 vortices, viz. Figs. 7(a)-(c) and (d)-(f). Hence,
although the vortex lattices with hexagonal symmetry in
Figs. 1 and 6 are quite similar, those with approximate
square symmetry in Figs. 3 and 7 for ferromagnetic and
anti-ferromagnetic spinor BECs are different in the cen-
tral region maintaining similarity in the outer region. In
this case, we also identified vortex-lattice states with the
same symmetry as in Fig. 3: however, such states have
larger energies than similar states in Fig. 7 and will not
be considered here. On the other hand, for a ferromag-
netic BEC, the vortex-lattice states of Fig. 3 with square
symmetry have the smaller energy. The energies of the
vortex-lattice states of Fig. 6 with hexagonal symme-
try and of the same with square symmetry of Fig. 7 are
displayed in Table I.
Let us next consider the generation of anti-vortex lat-
tice with hexagonal symmetry in a rotating Rashba SO-
coupled anti-ferromagnetic spinor BEC with the angular
momentum of rotation opposite to the vorticity direction
of the vortex in component j = −1 of Fig. 6(c). The
non-rotating state in Figs. 6(a)-(c) is of the (−1, 0,+1)
type. For small angular frequency of rotation, an anti-
vortex is generated in all three components in the form of
a (−1,−1,−1)-type state, which when superposed on the
(−1, 0,+1)-type state leads to a (−2,−1, 0)-type state at
the center. The generated anti-vortex lattice in this case
maintains this scenario in the central region, e.g., one
(two) anti-vortex of circulation −1 in component j = 0
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FIG. 9: (Color online) The same as in Fig. 6 with ap-
proximate square symmetry with angular frequencies Ω =
−0.55,−0.79, and −0.94 in (a)-(c), (d)-(f), and (g)-(i), re-
spectively. The angular momentum of rotation is anti-parallel
to the vorticity direction of the vortex in component j = −1
in Fig. 6 (c). The parameters of the anti-ferromagnetic BEC
are the same as in Fig. 6.
(j = +1) and none in component j = −1, around which
the hexagonal vortex lattice is formed. This is illustrated
by a plot of contour density of components j = +1, 0,−1
for angular frequencies Ω = −0.55,−0.79 and −0.93 in
Figs. 8(a)-(c), (d)-(f), and (g)-(i), respectively. For ro-
tation with angular momentum parallel to vorticity di-
rection in Fig. 6(c), we have a vortex of circulation +2
at the center of component j = −1 in Figs. 6(f) and (i),
whereas the anti-vortex of circulation −2 at the center
of component j = +1 has split into two anti-vortices of
unit circulation in Figs. 8(a), (d) and (g).
Finally, we consider the generation of anti-vortex lat-
tice with square symmetry in a rotating SO-coupled anti-
ferromagnetic spinor BEC with the angular momentum
of rotation opposite to the vorticity direction of the vor-
tex in component j = −1, viz. Fig. 6(c). In this case, the
generated anti-vortex lattice displayed in Fig. 9 is quite
similar to the anti-vortex lattice in the case of a ferromag-
netic spinor BEC presented in Fig. 5. The anti-vortex
lattice with square symmetry for Ω = −0.55,−0.79 and
−0.94 is presented in Figs. 9(a)-(c), (d)-(f) and (g)-(i),
respectively. In Table I we also display the energies of
anti-vortex-lattice states of hexagonal and square sym-
metry of Figs. 8 and 9. The energies of the hexagonal
anti-vortex-lattice states are larger than the correspond-
ing states with square symmetry in all cases.
Next we study how the vortex- and anti-vortex lattice
FIG. 10: (Color online) Contour plot of component densities
of vortex-lattice states with square symmetry of the rotat-
ing Rashba SO-coupled ferromagnetic spin-1 quasi-2D spinor
BEC for angular frequency Ω = 0.7 and SO-coupling strength
γ = 2 in plots (a)-(c). The same for the anti-ferromagnetic
BEC with Ω = 0.8 are displayed in (d)-(f).
states evolve with a variation of the SO-coupling strength
γ. For larger values of γ (γ ' 0.75) the vortex-lattice
states with hexagonal symmetry cease to exist and only
those with square symmetry are found. In Figs. 10(a)-(c)
we display the vortex-lattice states with square symme-
try for γ = 2 for the ferromagnetic spinor BEC. The
same for the anti-ferromagnetic BEC are presented in
Figs. 10(d)-(f). In both cases, although the squares are
looking round, vortices are arranged in concentric orbits
containing a maximum of 8, 12, 16 ... vortices as in the
case of square symmetry.
It is worthwhile to compare the present results of
vortex-lattice formation in a Rashba SO-coupled spin-1
BEC with previous results [35–37] for vortex-lattice for-
mation in a Rashba SO-coupled spin-1/2 BEC. A Rashba
SO-coupled spin-1/2 BEC supports a half-quantum vor-
tex state with an unit vortex in one component and zero
vortex in the other, which is a (+1, 0)-type state with
intrinsic vorticity. This state should be compared with
(−1, 0,+1)- and (0,+1,+2)-type states in the present
Rashba SO-coupled spin-1 BEC. The vortex lattice for
the pseudo spin-1/2 BEC has a vortex of unit circula-
tion at the center of one component, whereas the center
of the other component had no vortex in complete anal-
ogy with vortices of circulation 0, 1, and 2 at the centers
of the three components, viz. Fig. 1(d)-(f), in the fer-
romagnetic case. The presence of the (+1,0)-type state
with intrinsic vorticity in a pseudo spin-1/2 BEC breaks
the symmetry between rotation with vorticity along the
z and −z axes and thus might generate different vortex-
lattice and anti-vortex-lattice states in a rotating SO-
coupled quasi-2D spin-1/2 BEC for these two types of
rotation. However, the previous studies [35, 37] did not
explore this possibility. The detailed numerical study
[36] for vortex lattice formation in pseudo spin-1/2 case
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FIG. 11: (Color online) The rotational energy in the rotating
frame [E(Ω)−E(0)] versus angular frequency of rotation for
the ferromagnetic and anti-ferromagnetic BEC. The points
are numerically calculated whereas the lines are to guide the
eye.
confirmed the formation of lattice with hexagonal sym-
metry only. In this study on the spin-1 BEC, in addition,
we also demonstrate the formation of lattice with square
symmetry.
The rotational energy of a scalar BEC [E(Ω) − E(0)]
in the rotating frame is the energy of rigid-body ro-
tation (∼ −IΩ2/2) where I is the moment of inertia
of the condensate, which is proportional to the square
of the angular frequency [7], where E(Ω) is given by
Eq. (9). In the case of spin-1 spinor ferromagnetic
and anti-ferromagnetic BECs, a similar relation also
holds. We illustrate in Fig. 11 the rotational energy of
the vortex- and anti-vortex-lattice states of both ferro-
magnetic and anti-ferromagnetic BECs with square and
hexagonal symmetry as a function of angular frequency
Ω, where we plot the energy of the minimum-energy
state versus |Ω|. The energies of ferromagnetic and anti-
ferromagnetic BECs lie on two distinct lines showing sim-
ilar qualitative behavior. The energy decreases with in-
creasing angular frequency of rotation as the contribu-
tion of the rotational energy −ΩLz in the expression for
energy (9) is negative. For small Ω, in the perturba-
tive limit, this contribution is linearly proportional to
−Ω. But as Ω increases, the rotational energy behaves
as ∼ −Ω2 [7].
IV. SUMMARY
We studied the generation of vortex lattice in a quasi-
2D Rashba SO-coupled spin-1 spinor BEC in the x − y
plane, under rapid rotation, using the mean-field GP
equation in the rotating frame, where the generated
vortex-lattice state is a stationary state. In the case of
a scalar BEC, the generated vortex lattice for rotation
with vorticity along z and −z axes are the same. The
ground state of a non-rotating ferromagnetic SO-coupled
spin-1 spinor BEC is of the (0,+1,+2) type, whereas
the same for a anti-ferromagnetic BEC is of the type
(−1, 0,+1). The intrinsic vorticity of these two states
make the rotation with vorticity along z and −z axes
conceptually different for an SO-coupled spin-1 spinor
BEC. Consequently, different from a scalar BEC, the
generated vortex-lattice structure for a quasi-2D Rashba
SO-coupled spin-1 spinor BEC for rotation with vortic-
ity along z and −z axes are different. For rotation with
vorticity along z direction, a vortex lattice is formed and
for rotation with vorticity along −z direction an anti-
vortex lattice is formed. Two types of vortex and anti-
vortex lattices were found to be formed predominantly
for small values of SO-coupling strength γ (γ / 0.75): a
hexagonal lattice and an approximate square lattice. For
rotation with vorticity along z direction, the hexagonal
lattice has vortices arranged in closed concentric orbits
which accommodate the following maximum number of
vortices: 6, 12, 18 etc., whereas the square lattice has
vortices arranged in closed concentric orbits with max-
imum numbers 8, 12, 16 etc. For larger strengths of
SO-coupling only states with square symmetry survive.
We illustrated, for different angular frequencies, the for-
mation of vortex lattices with closed concentric orbits of
vortices while all orbits accommodate the allowed max-
imum number of vortices. The central region in both
cases is occupied by a complex structure of vortices, of-
ten accommodating vortices of circulation (angular mo-
mentum) greater than unity. In case of a scalar BEC, all
vortices in a vortex lattice are of unit circulation. For ro-
tation with vorticity along −z axis, similar lattice struc-
ture emerges but with anti-vortices replacing vortices,
although the central region of the lattice may have a dif-
ferent distribution of vortices from the case of rotation
with vorticity along z axis. Such a lattice structure is
termed an anti-vortex lattice as opposed to a vortex lat-
tice. If, for a fixed angular frequency of rotation, both a
square and a hexagonal vortex or anti-vortex lattice can
be formed, with closed concentric orbits, the square vor-
tex lattice structure is found to possess the smaller energy
as shown in Table I. This strongly suggests the square lat-
tice states to be the ground state. The rotational energy
of the generated vortex or anti-vortex lattice for both
ferromagnetic and anti-ferromagnetic BECs is found to
be proportional to the square of angular frequency Ω as
displayed in Fig. 10, consistent with a theoretical sug-
gestion by Fetter for a scalar BEC [7]. This scenario of
vortex-lattice formation is independent of the numerical
values of the non-linearity parameters c0 and c2.
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